The boundedness and compactness of the weighted composition operators from logarithmic Bloch-type spaces to Bloch-type spaces are studied here.
Introduction
Let D be the unit disc in the complex plane C, dm z the normalized Lebesgue The following theorem summarizes the basic properties of the logarithmic Bloch-type spaces. Here, as usual, for fixed r ∈ 0, 1 , f r z f rz , z ∈ D.
Theorem A see 1 . The following statements are true. Let ϕ be a holomorphic self-map of D and u ∈ H D . For f ∈ H D the corresponding weighted composition operator is defined by
It is of interest to provide function-theoretic characterizations for when ϕ and u induce bounded or compact weighted composition operators on spaces of holomorphic functions.
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For some classical results mostly on composition operators, see, for example, 10 . For some recent related results, mostly in C n or related to Bloch-type or weighted-type spaces, see, for example, 4, 10-46 and the references therein.
Here we study the boundedness and compactness of the weighted composition operator from the logarithmic Bloch-type space and the little logarithmic Bloch-type space to the Bloch-type or the little Bloch-type space.
In this paper, constants are denoted by C, they are positive and may differ from one occurrence to the other. The notation a b means that there is a positive constant C such that a ≤ Cb. We say that a b, if both a b and b a hold.
Auxiliary Results
In this section we quote several auxiliary results which will be used in the proofs of the main results. 
from which this statement follows. The proof of b is similar, hence it is omitted. 
for some C > 0 independent of f. a Assume that α / 1 and β ≥ 0, then
where γ ≥ β/α ln 2 and f w 0 1/γ β is a nonconstant function belonging to B α log β .
b Assume that α 1 and β ∈ 0, ∞ \ {1}, then
where γ ≥ β ln 2 and f
c Assume that α β 1, then
where γ ≥ 1 ln 2 and f 
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Proof. a Let w ∈ D be fixed. Then we have
, 2.14 where in 2.13 we have used that γ > β/α and in 2.14 we have used the fact that the function in 2.1 is increasing on the interval 0, 2 . 
where in 2.16 we have used the assumption γ > β, while in 2.17 , as in a , we have used the fact that the function in 2.1 is increasing on the interval 0, 2 . , finishing the proof of this statement.
c We have
where we have used the assumption γ > 1 and the fact that function 2.1 is increasing on 0, 2 . From 2.19 , Lemma 2.1 a , and since γ > 1 we obtain
Estimations 2.12 follow from 2.14 , 2.17 , 2.20 and by using the following facts
we finish the proof of the lemma. 
Proof. First assume that 3. 
3.4 
3.11
On the other hand, by using 3. 
Proof. Suppose that uC ϕ : B 
On the other hand, we have
for some positive C. From 3.23 and 3.24 , equality 3.17 follows.
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Conversely, assume that uC ϕ : B hold. From the proof of Theorem 3.1 we know that
On the other hand, from 3.17 and 3.18 we have that, for every ε > 0, there is a δ ∈ 0, 1 , such that 
3.27
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Since ε is an arbitrary positive number it follows that the last limit is equal to zero. Applying Lemma 2.5, the implication follows. 
Proof. 
when r < |ϕ z | < 1. From 3.31 , there exists a ρ ∈ 0, 1 such that
when ρ < |z| < 1, and where h 1 is the function in Lemma 2.1 b . Therefore, when ρ < |z| < 1 and r < |ϕ z | < 1, we have that
On the other hand, if ρ < |z| < 1 and |ϕ z | ≤ r, from 3.38 and Lemma 2.1 b we have and lim n → ∞ |ϕ z n | L ∈ D. From this and the continuity of the function
we would have that
which is a contradiction with 3.35 . For any f ∈ B α log β , we have 
3.51
Case 3. α β 1.
The following results were proved in 15 . Hence we quote them for the benefit of the reader, and without any proof. 3.53
